
9.1 SOLID SOLUTIONS

When homogeneous mixtures of two or more kinds of atoms occur in the solid state, they

are known as solid solutions. These solutions are quite common and are equivalent to liq-

uid and gaseous forms, for the proportions of the components can be varied within fixed

limits, and the mixtures do not separate naturally. The term solvent refers to the more

abundant atomic form, and solute to the less abundant. These solutions are also usually

crystalline.

Solid solutions occur in either of two distinct types. The first is known as a substitu-

tional solid solution. In this case, a direct substitution of one type of atom for another

occurs so that solute atoms enter the crystal to take positions normally occupied by sol-

vent atoms. Figure 9.1A shows schematically an example containing two kinds of atoms

(Cu and Ni). The other type of solid solution is shown in Fig. 9.1B. Here the solute atom

(carbon) does not displace a solvent atom, but, rather, enters one of the holes, or inter-

stices, between the solvent (iron) atoms. This type of solution is known as an interstitial

solid solution.

9.2 INTERMEDIATE PHASES

In many alloy systems, crystal structures or phases are found that are different from those

of the elementary components (pure metals). If these structures occur over a range of

compositions, they are, in all respects, solid solutions. However, when the new crystal

structures occur with simple whole-number fixed ratios of the component atoms, they are

intermetallic compounds with stoichiometric compositions.

The difference between intermediate solid solutions and compounds can be more eas-

ily understood by actual examples. When copper and zinc are alloyed to form brass, a

number of new structures are formed in different composition ranges. Most of these occur

in compositions which have no commercial value whatsoever, but that which occurs at a

ratio of approximately one zinc atom to one of copper is found in some useful forms of

brass. The crystal structure of this new phase is body-centered cubic, whereas that of cop-

per is face-centered cubic, and zinc is close-packed hexagonal. Because this body-centered

cubic structure can exist over a range of compositions (it is the only stable phase at room

temperature between 47 and 50 weight percent of zinc), it is not a compound, but a solid

solution. This is also sometimes called a nonstoichiometric compound or a nonstoichio-

metric intermetallic compound. On the other hand, when carbon is added to iron in an

amount exceeding a small fraction of one-thousandth of a percent at ambient tempera-

tures (see Fig. 9.3), a definite intermetallic compound is observed. This compound has a

fixed composition (6.67 weight percent of carbon) and a complex crystal structure

(orthorhombic, with 12 iron atoms and 4 carbon atoms per unit cell) which is quite dif-

ferent from that of either iron (body-centered cubic) or carbon (graphite).
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FIG. 9.1 The two basic forms of solid solutions. Note: In the interstitial
example on the right, carbon is dissolved interstitially in the body-centered
cubic form of iron. For the substitutional solid solution shown on the left,
the nickel atoms replace copper atoms

A binary alloy system may contain both stoichiometric and nonstoichiometric com-

pounds. For example, aluminum and nickel alloys contain five nickel aluminide interme-

diate phases designated as Al3Ni, Al3Ni2, AlNi and Al3Ni5, and AlNi3. The first intermediate

phase, Al3Ni, has a fixed stoichiometric composition of 75 at. % Al and 25 at. % Ni. The

other compounds, on the other hand, are nonstoichiometric.

9.3 INTERSTITIAL SOLID SOLUTIONS

An examination of Fig. 9.1B shows that solute atoms in interstitial alloys must be small

in size. The conditions that determine the solubilities in both interstitial and substitu-

tional alloy systems have been studied in great detail by Hume-Rothery and others.

According to their results, extensive interstitial solid solutions occur only if the solute

atom has an apparent diameter smaller than 0.59 that of the solvent. The four most

important interstitial solute atoms are carbon, nitrogen, oxygen, and hydrogen, all of

which are small in size.

Atomic size is not the only factor that determines whether or not an interstitial solid

solution will form. Small interstitial solute atoms dissolve much more readily in transition

metals than in other metals. In fact, we find that carbon is so insoluble in most nontran-

sition metals that graphite-clay crucibles are frequently used for melting them. Some of

the commercially important transition metals are

Iron Vanadium Tungsten

Titanium Chromium Thorium

Zirconium Manganese Uranium

Nickel Molybdenum

The ability of transition elements to dissolve interstitial atoms is believed to be due to

their unusual electronic structure. All transition elements possess an incomplete electronic

shell inside of the outer, or valence, electron shell. The nontransitional metals, on the

other hand, have filled shells below the valency shell.

The extent to which interstitial atoms can dissolve in the transition metals depends on

the metal in question, but it is usually small. On the other hand, interstitial atoms can
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FIG. 9.2 The interstitial positions in the 
body-centered cubic iron unit cell that may be
occupied by carbon atoms

diffuse easily through the lattice of the solvent and their effects on the properties of the

solvent are larger than might otherwise be expected. Diffusion, in this case, occurs not by

a vacancy mechanism, but by the solute atoms jumping from one interstitial position 

to another.

9.4 SOLUBILITY OF CARBON IN BODY-CENTERED CUBIC IRON

Let us consider a specific interstitial solid solution, carbon in body-centered cubic iron, and

confine our attention to temperatures below 1000 K. This restriction is applied so that we

do not have to concern ourselves with considerations of the face-centered cubic form of

iron, which is stable at temperatures as low as 1000 K in the presence of carbon.

The solubility of carbon in body-centered cubic iron is low. In fact, the number of car-

bon atoms in an iron crystal is roughly equivalent to the number of vacancies found in

crystals. It is therefore possible to deduce an equation for the equilibrium number of car-

bon atoms in an iron crystal. There are, however, significant differences between the two

cases, as will be shown. The iron-carbon case will now be considered.

The positions marked with an x in Fig. 9.2 are those that carbon atoms take when they

enter the iron lattice. They lie either midway between two corner atoms or in the centers of

the faces of the cube, where they are midway between two atoms located at the centers of

unit cells. In the diamond lattice, the carbon atom has an apparent diameter of 0.1541 nm.

However, Fig. 9.2B shows that the lattice constant of iron (length of one edge of the unit cell)

is 0.2866 nm. The diameter of the iron atom is, accordingly, 0.2481 nm, and another simple

calculation shows that the width of the hole occupied by carbon atoms is only 0.0385 nm. It

is quite apparent that the carbon atom does not fit well into the body-centered cubic crystal

of iron. The lattice in the vicinity of each solute atom is badly strained, and work must be done

in order to introduce the interstitial atom into the crystal.

Let us designate this work by the symbol wc. If nc is the number of carbon atoms in an

iron crystal, the internal energy of the crystal (in the presence of carbon atoms) will be

increased by the amount ncwc.

Each interstitial atom increases the entropy of the crystal in the same manner that each

vacancy does. This form of entropy increment is known as an intrinsic entropy. This intrinsic

entropy arises from the fact that the introduction of an interstitial atom affects the normal

modes of lattice vibrations. The solute atom distorts the orderly array of iron atoms and this,

in turn, makes the thermal vibrations of the crystal more random, or irregular. The total

entropy contribution from this source is ncsc, where sc is the intrinsic entropy per carbon atom.
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In the derivation of the equation for the equilibrium number of vacancies in a crystal,

the intrinsic entropy of the vacancies nvsv was neglected. However, if it had been incorpo-

rated in the expression for the free energy associated with the presence of vacancies, the

solution of the problem would have been no more difficult. In that case, the final result

would have had the form

9.1

and not

9.2

where gv is the Gibbs free energy for a single vacancy, nv is the number of vacancies, no is

the number of atoms, wv is the work to form a vacancy, T is the absolute temperature K,

and k is the Boltzmann’s constant.

The preceding, more exact equation, including the intrinsic entropy, can also be

expressed as follows:

9.3

However, since the exponent Svyk is a constant, this expression reduces to

9.4

where B is a constant, Qf is the enthalpy or energy to introduce a mole of vacancies

into the lattice, R is the universal gas constant, and T the temperature in degrees

Kelvin.

Now, with reference to carbon atoms in an iron crystal, it should be noted that the

mixing of carbon atoms and iron atoms to form a solid solution involves an entropy

of mixing. The calculation of this mixing entropy, however, differs from that used for the

mixing entropy associated with vacancies in a crystal lattice because vacancies and

atoms interchange positions, while carbon atoms do not interchange with iron atoms.

In fact, the iron atoms can be assumed to remain fixed in space as far as the movements

of carbon atoms are concerned. This is because below 1000 K the jump rate of iron

atoms into vacancies becomes negligible compared to the jump rate of carbon atoms

between interstitial sites. The entropy of mixing associated with the carbon atoms

involves only the distribution of the carbon atoms in the interstitial sites. As may be

deduced with the aid of Fig. 9.2, there are three interstitial sites per Fe atom in the bcc

iron lattice. Thus, there are two Fe atoms per unit cell as shown in Sec. 1.4, and if one

examines the bcc unit cell, it will be found that there are twelve interstitial sites like

those shown in Fig. 9.2. Each of these, however, belongs to two cells so that there are

six per unit cell. Thus, 6/2 gives 3 sites per Fe atom. The mixing entropy thus involves

the distribution of nc carbon atoms on 3nFe interstitial sites where nFe is the number of

nv

no

5 Be2wv ykT 5 Be2Q f yRT

nv

no

5 esvyke2wv ykT

nv

no

5 e2wv ykT

nv

no

5 e2(wv2Tsv)ykT 5 e2gv ykT
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iron atoms. On the assumption that the solid solution of carbon in iron is dilute, the

entropy of mixing is thus

9.5

With the aid of Stirling’s approximation , Eq. 9.5 becomes

Sm 5 k[3nFe ln 3nFe 2 3nFe 2 nc ln nc 1 nc 2 (3nFe 2 nc) 

ln (3nFe 2 nc) 1 (3nFe 2 nc)]
9.6

which reduces to

Sm 5 k[3nFe ln 3nFe 2 nc ln nc 2 (3nFe 2 nc) ln (3nFe 2 nc)] 9.7

Let DGc represent the increase in the Gibbs free energy of the system due to the presence

of carbon atoms in solid solution in the iron; then

DGc 5 nc gc 2 TSm 9.8

where gc is the free energy associated with a single carbon atom. The carbon concentra-

tion corresponding to a minimum Gc can be obtained by setting DGcydnc 5 0. If the indi-

cated operation is performed, one obtains, with the aid of Stirling’s approximation,

DGc ydnc 5 gc 1 kT[ln nc 2 ln(3nFe 2 nc)] 5 0 9.9

which leads to

9.10

For a dilute solution, where , this reduces to

C 5 nc ynFe 5 9.11

where gc 5 wc 2 sc T, and wc and sc are the work to add a carbon atom into the lattice and

the intrinsic entropy associated with the addition of this atom, respectively. Equation 9.11

may also be written in the form

C 5 Be2QcyRT 9.12

where B 5 eScyR is a constant, Qc 5 Nq
0

the work to introduce a mole of carbon atoms,

R 5 8.37 J per mole-K, T the temperature in degrees Kelvin, N is Avogadro’s number,

and Sc 5 NSc
.

Now let us consider the physical significance of wc, which has been defined as the

work required to introduce a carbon atom into an interstitial position. This element of

work depends upon the source of the carbon atoms, which in alloys of pure iron and car-

bon can be either graphite crystals or iron-carbide crystals. In either case, the crystals that

supply the carbon atoms are assumed to be in intimate contact with the iron. The most

important of these two sources of carbon is iron-carbide, for commercial steels are almost

universally aggregates of iron and iron-carbide. Graphite rarely appears in steels, even

though it represents a more stable phase than iron-carbide. (Iron-carbide is a metastable

3e2gc ykT 5 3e sc yke2wc ykT

nc ,, nFe

nc

(3nFe 2 nc)
5 e2gc ykT

(ln(x)! . x ? ln(x) 1 x)

Sm 5 k ? ln 
(3nFe)!

nc!(3nFe 2 nc)!
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0.015 0.020 FIG. 9.3 Solubility of carbon in alpha-iron
(body-centered cubic iron)

phase and there is a free-energy decrease when it decomposes to form graphite and iron.

However, the rate of this decomposition is extremely slow in the temperature range of

normal steel usage, and, for all practical purposes, Fe3C may be considered a stable phase.)

In metallurgical terminology, iron-carbide is called cementite, and the interstitial solid

solution of carbon in body-centered cubic iron is known as ferrite. These terms will be used

in the following sections of the book.

According to Chipman,1 the experimentally determined activation energy Qc for the

transfer of a mole of carbon atoms from cementite to ferrite is 77,300 J per mole. At the

same time Chipman gives the corresponding value for graphite to ferrite as 106,300 J per

mole. The work to take a carbon atom from graphite and place it interstitially in iron is

therefore greater than the work to take it from iron-carbide and place it in iron. This, of

course, has an effect on the equllibrium number of carbon atoms in the iron lattice. The

solubility of carbon in ferrite is lower when the iron is in equilibrium with graphite than

when it is in equilibrium with cementite, because a greater energy is required to remove

an atom from graphite and place it in the iron. The solubility equation

Cc 5 Be2QcyRT 9.13

can be evaluated in terms of the data reported in Chipman’s paper, which specifically apply

to the case of ferrite in equilibrium with cementite (that is, where the interstitial atoms are

supplied by iron-carbide). If this is done, we obtain

Cc 5 11.2e277,300yRT 9.14

where Cc is the equilibrium concentration of carbon atoms (ncynFe). This equation is easily

converted to read the carbon concentration in weight percent, thus

C9c 5 240e277,300yRT 9.15

where R 5 8.314 J per mole-K.

Figure 9.3 shows a plot of the equilibrium carbon concentration between room tem-

perature and 727°C (1000 K). The curve clearly shows that the solubility of carbon in fer-

rite is very small. The equilibrium value at room temperature is only 8.5 3 10212 weight

percent, or one part in 8.5 3 10214 by weight. This is equivalent to an atom fraction of 

4 3 10213, or a mean separation between solute atoms of 3,000 solvent atoms. Figure 9.3

also shows the temperature dependence of the equilibrium number of carbon atoms. 

At 727°C the carbon concentration reaches its maximum value, 0.022 percent. In this case,
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there is about one carbon atom for every 1000 iron atoms, or a separation equivalent to

approximately 10 solvent atoms between carbon atoms.

9.5 SUBSTITUTIONAL SOLID SOLUTIONS AND 

THE HUME-ROTHERY RULES

In Figure 9.1A, the copper and nickel atoms are drawn with the same diameters. Actually,

the atoms in a crystal of pure copper have an apparent diameter (0.2551 nm) about 

2 percent larger than those in a crystal of pure nickel (0.2487 nm). This difference is small

and only a slight distortion of the lattice occurs when a copper atom enters a nickel crys-

tal, or vice versa, and it is not surprising that these two elements are able to crystallize

simultaneously into a face-centered cubic lattice in all proportions. Nickel and copper form

an excellent example of an alloy series of complete solubility.

Silver, like copper and nickel, crystallizes in the face-centered cubic structure. It is

also chemically similar to copper. However, the solubility of copper in silver, or silver

in copper, equals only a fraction of 1 percent at room temperature. There is, thus, a

fundamental difference between the copper-nickel systems and the copper-silver sys-

tems. This dissimilarity is due primarily to a greater difference in the relative sizes of

the atoms in the copper-silver alloys. The apparent diameter of silver is 0.2884 nm, or

about 13 percent larger than that of copper. It is thus very close to the limit noted first

by Hume-Rothery, who pointed out that an extensive solid solubility of one metal in

another only occurs if the diameters of the metals differ by less than 15 percent. This

criterion for solubility is known as the size factor and is directly related to the strains

produced in the lattice of the solvent by the solute atoms.

The size factor is only a necessary condition for a high degree of solubility. It is

not a sufficient condition, since other requirements must be satisfied. One of the

most important requirements is the relative positions of the elements in the electro-

motive series. (This series may normally be found in either a general chemistry text

or an elementary book on the subject of corrosion.) Two elements, which lie far apart

in this series, do not, as a rule, alloy in the normal sense, but combine according to

the rules of chemical valence. In this case, the more electropositive element yields its

valence electrons to the more electronegative element, with the result that a crystal

with ionic bonding is formed. A typical example of this type of crystal is found in

NaCl. On the other hand, when metals lie close to each other in the electromotive

series, they tend to act as if they were chemically the same, which leads to metallic

bonding instead of ionic.

Two other factors are of importance, especially when one considers a completely sol-

uble system. Even if the size factor and electromotive series positions are favorable, such

a system is only possible when both components (pure metals) have the same valence, and

crystallize in the same lattice form. More detailed discussion of Hume-Rothery rules can

be found in Reference 2 listed at the end of the chapter.

9.6 INTERACTION OF DISLOCATIONS AND SOLUTE ATOMS

A dislocation is a crystal defect the presence of which in a crystal means that large num-

bers of atoms have been displaced from their normal lattice positions. This displacement

of the atoms around the center of a dislocation results in a complex two-dimensional strain

pattern with the dislocation line at its center.


